Quantum Mechanics Homework Solutions Meg Noah

1.5 (page 16) Show that the z component of angular momentum for a point particle
L, = xp, — yp, when expressed in spherical coordinates becomes L, = p, =mr?gsin 6.

X =rCcos¢siné

y=rsingsing

X = F(COS #Sin @) + r(—sin ¢)@sin @+ r cos ¢ cos 90

y = £(sin ¢sin @) + r(cos @)gsin @ + r sin ¢ cos 60

Xp, — Yp, = Xmy — ymXx
= Mr CoS #sin e(r(sin $sin 6) +r(cos @)gsin @+ rsin ¢cos€6?)—

mrsin gsin (£ (cos ¢sin 6) + r(—sin g)gsin 6 + r cos ¢ cos 60

=mr? ((cos® )gsin’ 0+ (sin’ g)gsin’ 0)
=mr’gsin’ 6

2

2
Py
2m  2mr

where

2

1.7 (p 18) Show that the energy of a free particle may be written H =
L=rxp. Hint: Use the vector relation [* =(Fx p)2 =r’p’—(F- r5)2 together with the
definition p, =(7-p)/r.

Start with the Hamiltonian for a free particle in spherical coordinates:

H=mvz_p_
2 2m
2 o ox)\2 2.2 = =\2 2.2 2.2 |—2 2 2
L*=(Fxp) =r*p*~(F-p) =r’p’—r’p’=—5=p*~p;
2
=>p2=rL—2+pf
2 2
H:&—Jf-l'2
2m  2mr

1.8 (p 18) Show that angular momentum of a free particle obeys the relation
P;
sin“@’

E=ﬁ+@+@=ﬁ=
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2 2
H=Pr =~ (from last problem)
2m  2mr
2
p: P, P,
H=—"+"F+ from book
2m r®> r?sin’@ ( )
L2 pZ p2 pz
subtract —> — =tfe 4 " |12_p24 ¢
r2 r? r?sin?@ Po Gin2g

1.21 (p. 26) Use the expression ' = cos & +isin @to derive the following relations:
@ &% =cos(6,+6,)+isin(6,+6,)=ee"™ =(cos(g,)+isin(6,))(cos(6,)+isin(6,))
@ &% =cos(6,-0,)+isin(6,—6,)=e"*e*) =(cos(6,)+isin(6,))(-cos(6,)—isin(6,))

® e¥ —cos20+isin26 = (cos@+isin 0)2

a) cos( 6,

(6,+6,)=cos6,cos 6, —sing,sin g, (from real part ®)
b) sin(,

)
6,)

+
+

cosé, sin g, —sing,cos @, (from imaginary part @)
c) sin(6,—6,)+sin(6,+6,)=2sin g, cos b, (from INnO+Im®)

d) cos(6,—6,)+cos(6; +6,)=2cos b, cos b,(from ReD+Re®)

e) cos(6, —6,)—cos (6, +6,) = 2sin 6, sin ,(from Re@-Re D)

f) 2cos’0 =1+c0s260 (from Re®)

g) 2sin’6 =1-cos26 (from f with identity sin*+cos®=1)

h) e —1=2ie"?sin 6/2
e’ =e'"'*""? = cos @ +isin @ =(cos§/2+isinG/2)(cos§/2 +isin 6/2)
e =cos® /2 +sin® /2 + 2isin #/2cos /2 —2sin* 6/2

1

e’ —1=2isin9/2(cos§/2—sin §/2) = 2isin 6/2e"?

| = (e +e®)(e* +e ) =1+cos(6,—6,)
=1(e*+e)(e™ +e)= %(eo +!%h) 4 gl) e°)
= %(2 el ¢ ei(el’HZ))

=1(2+2cos (6, —6,)—isin(6,—6,)+isin(6,-6,))
=1+cos(6,—6,)

i) %‘e‘gl +e
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j)2Rez=z+z* z=¢"

e’ +e =cos@+isin@+cosf—isind=2cosf=2Rez
K)2ilmz=z-z*

e’ —e =cosO+isind—cos@+isin@=2isind=2Imz

1) (ez)* —e*
(exp(cos @ +isin§))* =exp(cos & —isin ) =exp(e ) =e*
m) |expz|2 =exp(2Rez)

g’ (ez )*: ezez* — ez+z* — e(ZRez)

S A-7m)2 A-5m/2 4972 s AT 144
n)i'=e"?e”? e i=elizy ]

e’ —cosé

=———— Wwhered=7z%" n=0,12,..

sind

i —q —cin 57 — ojn 97 _— _
sinf=sinZ =sin =sinf=-..=1
C0SO =C0S%Z =C0SE =Ccos%E =---=0

i=e[i7rw]

i _( [|ﬂ1+4n ) _e 7"

Meg Noah

2.23 (page 50) Show that the de Broglie wavelength of an electron of kinetic energy E

8 -8
(eVv)is %cm and that of a proton is 4, (lzz%cm
h
/ldeBroine = B
p=+vE2m
h? h?
2
ﬂdeBroglle = F = 2Em
2 2.2
:\/ h :\/h ¢ where rest mass in eV
2Em 2Em
1 1
A=1(4.1257-10"eVs)(3-10°ms? ) —=—
1 )zao'ms) L1
2, =4(4.1257-107eVs) (3-10%cms™) L L 122710 cm
Josir10°%ev VE  <E
1 1 2.86-10°cm

A, =+(4.1257-10"eVs)(3-10°°cms™)

Jo3827.10°%v VE  JE
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Give a proof that the Hamiltonian and the linear momentum operators for a free
particle have common eigenfunctions.

This proof shows that the contrary assumption leads to contradiction.

Let ¢ be the eigenfunction of the Hamiltonian operator and ¢ be the eigenfunction of the
linear momentum operator.

Hamiltonian Linear Momentum
i _h A= i
Operator H = va P 17V
Eigenvalus for K’ _
Free Particle E= % p = 7k
Eigenvalue A A
e(;gati\(/)nu Hp=Ep Po = pg
—ihV ¢ = hk¢
Ve =ike
VZ(D = _k2§0 2 4
Solution VZ(P , \ ¢ o Ikv¢
T, K V24 = ik (ikg)
Vb_ o
; k
Eigenfunction o= P +Be™ p=Ce" +De ™

Combining the eigenfunctions both = -k?:
Np-pVp=0

oV o — @V ¢ = constant

Show the constant is equal to 0, by substituting the eigenfunctions and their derivatives:

oV ¢ = ¢V o = ikACe™ +ikBDe ™ + ik AD —ikBC

Vo _V¢
o ¢

Integrate to get In(®) = In(¢) +constant. This is ¢ = constantx@. Therefore ¢ and ¢

represent the same state vector according to the statistical interpretation of the
wavefunction.
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3.6 Establish the following properties of 3(y):

(a) 8(y) = 8(-y)

d(y)=0 when y#0 and when y=0, y=-y therefore 5(y) = d(-y)

Note: This is also seen from the symmetry in the delta function plot. This is a special
case of part (d), which in turn is a special case of part (i). In part (d), setting a =-1, 5(ay)
= 3(-y) = [a[*3(y) = 8(y)

(b) (y) =-6"(-y)

8’(y) =-8'(-y)

-y &’(y) =y &'(-y)
—5(y) =y &'(-y)
3(y) = -y &'(-y)

T H )Nty = [ o)y [ 5y = [ a(y g+ Dy = [ (e

—0o0

therefore:
5(y) = -y &'(-y) and &’(y) = -3'(-y)
c) vo(y)=0
when y=0, y 6(y) =0 when y#0, (y) =0,s0y d(y) =0

(d) 3(ay)=lal"8(y)

let x =ay then dx=ady

j S(x)dx =1
I S(ay)ady =1

[o(ay)dy =§

Since 3(y) = (-y) if a<0, Ié(ay)dy = jé(— ay)dy = % _1

g
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(e) 8(y*-a®)=|2a[ [5(y-a) + §(y+a)]

For the LHS, let x = y?-a® = (y-a)(y+a). x=0 at two places a and —a
dx = 2ydy

Note: factor of 2 from the two roots.

_Té(yz ~a’fly =2 5(x)g—); = L s(dx =+

For the RHS:

00

[y —a)+ oy +a)lay = &y -a)dy+ [o(y +a)dy -2

2 [loty-a)+oly-+aky 4=l foly -a”hy
T i[g(y —a)+d(y+a)ldy = _Té(yz - az)jy

1
a’)= ﬂ[5(y—a)+ Sy +a)]

() [5(a-y)5(y-b)dy=5(a-b)

let f(y) = 8(a-y) then use T f(y)o(y —b)dy = f (b)
a(ay)s(y-b)dy = f(y =b) = 5(a-b)

(@) f(v)o(y-a) = f(a)d(y-a)

o0

[ty -aky = | t(aely - aky

—00

f(2) = f(a) [ 8y —a)dy
therefore f (3_/35(y —a)= f(a)s(y—a)
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(h) y&’(y) = -6(v)

TfWWSWby=T;yhﬁdy ja ja {-—+ij=_fayy@wy

—0o0

This establishes  y&'(y) = —5(y)

3.7 Show that the following are valid representations of 8(y):

@ 2w5(y)- [e”dy

2Tt dt = 5(f)

Lo
f 1.7}
use the Fourier Transform definition of the dirac function ¥ —=@

substitute k =2 &t f

®) Bly)= " (Si”(’”)j

nm—>oL Y

o (20

I(dey 2|fm>00|fm O-Elfm<Oso J.(Sm y)jdy=7ff0rm—)oo

0 y y

ﬂT5Wﬁy=ﬂ

70f31



Quantum Mechanics Homework Solutions Meg Noah

3.11 Calculate the uncertainty Ap for a particle in the state y given by (3.37). Do you
find your answer to be consistent with the uncertainty principle? (In this problem one

must calculate<pz>. The operator: p* = _iha%xz )

(ap)" =(p*)~(p)’
(ap)=\[(p*)~(p)’

Using equations 3.37, 3.38, and 3.39
w(x,1)= Aexp{ (x= e %)’ }exp('p; jexp(—ia)ot)

1
a2z
introduce dummy variables 7 and 7,
— (x— Xo)
a
X= a(77 + 770)
XO

77022

Done in book, equation (3.44)

(p)= Iw*pde—Iw*[ maﬁjy/dx Azaj(po+_nj Ty

—00

A? =

= poAzaJ. eﬂ%dn = p,A%a\27 = p,

Now find <p®>
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0 0

(p?)= fwt//*ppde—It//*( ih— j{ axjy/dx
o7, [0

=—h IW (axzjt//dx

= Il//*(;: ]Aexp{(x;x)z}exp[iph jexp( iw,t)dx

= exp(—icoot)J‘ y/*[;;j Aexp{_(xll;;(‘)) }exp('po jdx

=—h? Aexp(- Ia)ot)jy/*(axj{ (Xza)z() IF;IO}GXD|: (X4;;(0) :|€‘Xp[lp0 jd
230 * M IpO

- Iy/ (axj{ 2a’ h }de

_ 32 " (X=X%) x) |p0 dy

B hiw { 2a2} { }(ax)dx
230 1 (x- Xo) ip, (x— XO) ip,

:—hjl//*{ az} { h}{ o h}y/dx
2 [ (x— Xo) 1P, "

=-h J[ 27 { a2 h}}// wx

:—thzT{ 12+{ (o) IpOHeXp{ (x—2 0) }dx

2a 2a /i 2a

:_thz]c' _1+[(X—XO)]2 |p0 (X X) [poj exp LXO)Z i
Y 2a 2a’ h h 232

:—hZA{—ZiZ 27ra+(2]'azj 27ra3—0—[2’0j \/Ea}

2 2
:—hZA{—ZiZ 27ra+(212j 2;za3—0—(':°J «/27:8}

hZ
re P
{(p)=py
()" =p¢
hZ
<p2>_47612 Py
n? h
Ap=\(p*)=(p) =\ 7+ PPy =~

This is consistent with Heisenberg’s uncertainty principle.
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4.1 What are the energy eigenfunctions and eigenvalues for the one-dimensional box
problem described above if the ends of the box are at —a/2 and +a/2? [Check you answer
with (6. 100) ]

H, = h V +00 = o0 for (%SXOI‘XS—%}

h2 a a
H2=——V2 for (-ngs+§]

2m
boundary conditions from regions outside the well are:

{42

qu(” =Ep
@, = Asink x+ Bcosk,x

®, 212 Asin kn3+ Bcoskngzo
2 2 2

®, i knj+ Bcosknﬁz—Asin kn3+ Bcosknizo
2 2 2 2 2

repeating

(pn(j Asink, +Bcosk =0
2 "2 "2

¢n( aj Asink, - +Bcosk -——Asmk -+Bcosk =0
2 2 2 "2 "2

where
2mE
k.x=nz

k? =

k.x _nz
2 2

sink, > =sink %:sin kn%ﬂzo whenn=246,...

n 2 n

n n

cosk_ > = cosk %=cosknn7”:0 whenn=1,35,...

Nz 2mE
kn:—: 2
a J7i
21,2 2_2
Ezhk Wz n®> whenn=1,3,5,..

2m  2ma’®
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Find the amplitude of the energy eigenfunction by normalization
<glp>=1

al2 al2 al2
I dxp*p=|B[ I Cosz(medx=821 j l—cos(zmrx}dx:l
-al2 —al2 a 2 a

-al2

B Za=1

1
2
8=, |2
a

The solution looks like this:
<gplp>=1

al2

a

—-al2 —-al2 -al2

al2
integral over cos is zero, integrate j dx =a
—-al2

|BF%a=1

The energy eigenfunctions are:

@, = \/Zcos(n—” Xj where n =1,3,5,...
a a

similarly, by normalizing to get A, as with (4.13) in book:

0. :stin(n—ﬂxj where n =2,4,6,...
a a

The energy eigenvalues are:
21,2 2_2

E_ h°k _h 72'2 o2
2m  2ma

11 of 31

2 nz 21 %P 2Nz
J' dxp* ¢ =|B| I cosz(?xjdx:|8| > f 1—cos(—x)dx:1
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4.11(b) Show that (Aé)i —BTA
Definition of hermitian adjoint O of O
(O, lv,)= (v, 10y,)
Show that <(AI§»)T v y/> = <I§TA"W | z//> to prove that (AB)T =BfA"
In Dirac Notation:
<(A3)T v l//> = <WI(AB)W>
(w8

= (B'A'y |y)
In Integral Notation:

4.14. 1f A is Hermitian, show that <A> is real: that is, show that <A>* =(A).

This proof uses, from the definition of inner products: (AB) =B"A" and the property of

Hermitian operators: If A is Hermitian, then(A = A*) .

*
©

<A>*=ﬁ V/*Ade} = | [W*(Aw)}*th (Al//)*u/dX=T (v A")pdx

= I (W Apdx  sinceA=A"

~(A)

Another proof: Start with the definition of a Hermitian operator:

[ dx (00w, (%) { [ dxw;(x)éqﬁn(x)}

*

[ @ (00,00 - {j o (x)6¢n(x)}
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4.17. Consider the operator C,
Co(x)=¢ (x)
(a) Is C Hermitian?
This proof shows that the contrary assumption leads to contradiction. Start with definition
of Hermitian operator. An operator is Hermitian if and only if:

[0xg; (00w, 09 =| | dxu (04,0

[ @ (0C () = [ e 00w 0

{j dxw;(x)éqﬁn(x)} {j dxw;:<x>¢:<x>} — [ g, (w0

since

[ 0w 00 % [ 6k, 0w ()

[ dxgr 0OC v, (%) :{ | dxw;(x)émx)}

-.C is not Hermitian

('b) What are the eigenfunctions of é? (¢) What are the eigenvalues of é?

Co() =9 (X
Cop(x) =cop(x)
L cp(x) =9’ (x)
Cp(x) =CCop(x) = Co"(X) = p(X)
Cp(x) = c*p(x)
sci=1
c=4%1
since cop(X) = ¢ (X)
if p(x) =Re(¥), thenc=1
if (x)=Im(¥), then c=i where ¥ = complex function in Hilbert Space.
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(In Class) Prove that the eigenfunctions of a Hermitian operator are orthogonal to each
other.

Show that the scalar product of two different eigenfunctions is zero.

Start with the definition of a Hermitian operator:

[ dxd; (10w, (0 = U dxw;(x)éqzﬂn(x)}

*

therefore

[ dxd; (004, (0 = { [ dx¢;(x)6¢n(x>}

And the eigenvalue equations:

Oy, (X) =0, (X)
and

Oy, (X) = O (X)

[ 400, (0 - “ dx¢:(x)6¢m<x)}

TdX¢;(X)©¢n(X)—U dxg, (x)©¢m(x)} ~0
J v (006,00 - | (04,0 4,00=0
J 0, (00,6, [ 6%(0,,0) () =0
T et (x)0ngh () —_T dX(0, 4, (X)) 4,(x) =0

[0, -0, dx, (0, (0 =0
[0,-0,7%0

o | dxg (), () =0
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5.12. If A, B, and C are three distinct operators, show that:

5.13. 1f A and B are both Hermitian, show that AB is Hermitian if [AB]-0

Using AB=BA because they commute.

(AB) = A8

AB is Hermitian if AB = BA which is true if [A, B] =0.

15 of 31
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6.16 (@) Show that g% anticommutes with the momentum operator ﬁ . This is, show that:

[$.0] =pp+pp=0

From the definition of the Parity operator: (& ¢@(X) = @(—X)
Show that:

$p0, (%) =@(—ih§j¢n<x>=[—ihﬁjfo (pn(x)=ih§§o 2,(%)

—pp ,(X) =irV ¢, (X)
= P9, (X) =—pp @, (X)
and

A A

©p=-pp

('b) Use your answer to part ( a) to show that g% commutes with the kinetic energy
A2

operator T = P :
2m

0

The factor 1/2m is not important, just show that | &, p° |
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Prove the Cauchy-Schwartz Inequality
(from Dr. Shen’s notes...)

0<(p—2Aglo—Ad)=[(9p-24) (¢ A¢)dx

vector length

=J(¢" 29" ) (9~ 2¢)dx
=[(pp-Apo—pAp+ 2 ¢ Ap)ix
=[p'pdx— A" [# pdx — A[ @"gdlx + || [ #"gdlx
={plo)= 2 (¢lo) - Alelo)+14] (4]¢)

Here is the trick: /I:M and ﬂ*:M

(¢l¢) (¢l¢)
Substitute:
loloy_ 218)8le) (dle)lold) , (blo)eld)
-G e e
OS<¢¢>_<¢¢>2 ‘<¢‘¢>‘2 ‘<(p\¢>‘2

@e) (o) (4lo)
iy Lelo) [ele)

0<(p|p) 99) M%
{

0<(p|0)(9]6)~|(o|o)
(plo)(4]8)

IA

(olo)

Prove the Robertson-Schrddinger relation:
A and B are Hermetian operators. [A, Eﬂ =C Prove that (AA)'(4B)" <:[(C)[

(| Ay )(By |By) = |(By | Ay )|
(By| A" = fim By | Ay )f
im(By | Ay)|" = 4[2im (By | Aw )| = 3|(By | Aw) - (By| Ayr)*
= 1{(Bw| Aw) (A By )[ = 1[(ABy |y) - (BAY |y
=3/((AB - BA |y} =2{([ABly ly)| =2|(Cylw)
~ (A | Ay ) (By [By) <3[(Cyy)|
~|AFIBf <A Blylv)f

‘ 2
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5.28 (p 143) The TDSE permits the identification E =i7d/ot . Using this identification
together with the rule (5.95), give a formal derivation of the uncertainty relation

AEAt <7/2. Note that in the stationary state (eigenstate H), AE =0. The implication
for this case is that a stationary state may last indefinitely.

From the Robertson-Schrodinger Equation:
(A (at)’ <[([E.0)f
0

[E.t]= int—tinl
ot ot

0. .0 .0

E.t]g=ih—_tg—tih—g=ihg +tih—g —tih—g =ik
[Etlg Mot 0 g 9 O TG 9 T 5 8 =1
[Et]=in

- |AE[|At[ < tfinf

AEAt<%

6.1.a.1 (page 165) Find w(x,t)and P(E,)at t>0, relevant to a particle in a one-

dimensional box with walls at (0,a) for each of the following states.
(1) w(x,0)=Asin(3zx/a)cos(zx/a)

Find normalization factor:
1= 'ﬂx//(x, 0)‘2 dx = Affsin2 (37x/a)cos’ (zx/a)dx = A’ % (from wolfram integrator)
0 0

2

A

Now find time dependence:
v (xt))=e"" |y (x,0))

v () =Xle)e "™ (o
(x0)= e o

o (x)= Zlon)e ™™ (o Senloa)

‘V/(X't)>zzn:;cm|(pn>e;m <¢n|(pm> :Zn:;cm|(pn>eém5nm :ancneiﬁEnt |(/)n>
w(x,0)) = 2 (20l n) = o0 =G = [dxpy (x,0)

v (x.0)

(@,
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C, = gj'sin2 (37x/a)cos® (zx/a)dx = g% =1
0

v (x.t))= ge‘E"t/f’ sin(3zx/a)cos(7x/a)

_ n*nz?

En= 5
2ma

6.10 (p 170) Show that %(A) = 0in a stationary state, provided 0A/6t =0, using

commutator relation (6.68).

UL 4 Al
:%(<¢H|HA¢n>—<¢n|AH¢n>)
:%(<H(pn|A(0n>—<(0n|AH¢n>)
:%En(<¢H|A¢n>—<¢n|A¢n>):°
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7.4 (page 198) The derivation in the text of the eigenvalues of N is based on the
constraint that there are no states corresponding to the eigenvalues of n < -%. This

constraint was guaranteed by setting d¢, = 0. It would appear that it can also be
guaranteed by setting &g, =0 for in the case:

a@ =@, = 0
Show that for ¢, as defined is an eigenfunction of N with the eigenvalue zero; hence

@, is more properly termed ¢, .

égpn = ¢)n—l
ap, =¢ , =0

Ng, =ng,
ataep, =ne,

at(ag, )=ng,
éT(ﬁ)z ng, =0
~n=0
L=,

7.5 (page 198) Using the fundamental commutator relation [)?, f)] =% show that

[a,a7]=1.
[a.at]=[ 5(B%+5 ). 5(BR—5 ) |=3{[ Br—i o]+ [} B B8] = 1 {1+ 1} =1

7.8 (page 207) Show directly from the form of ¢, given by (7.57)
0, =A(E-2) e that O ¢, =(~1)" ¢, where ¢ is the parity operator.

© 0, =p,(=¢)
= A (_g _%)” e*\*f\z/Z
_ AM(_f +%)” o e/
=AY (§-&) e "
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7.9 (page 207) (a) Show that the normalized nth eigenstate ¢, is generated from the
normalized ground state ¢, through¢@ = ﬁ(é*)n o,

p,)=n+1
¢n+1> (n+1)™

(Dn +1 >

@)

0.0 =8"p.)=(i+2) " (i+1) " a']g)

o) =@ =] (i+n) (|+2)*”“ (i+1)" |a’lp)
1=0

0,)=8'p.)=[ ("2 (1) |a'le)

é(ﬁn = \/ﬁ n-1

21 0f31
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7.10 (page 207) Show that the nth eigenstate of the harmonic oscillator, the average
kinetic energy <T> is equal to the average potential energy <V> - the virial theorem.

That s,

(V) =5(x)=(T) =3(p*) =3(E) ="32(n+3)
Using: (a,)|ny=+/n+1/n+1) and (a)[n)=+/n|n-1)
And:
(n|(aa,)|n)=(n|(a)vn+1n+1)=(n|[vn+1Jn+1|n+1-1)=(njn+1n)=n+1
(nl(a.)In) = (nl(a. }WA[n~1) = (nNANR|n~1+3)= (nlnin) =n
(nl(a.a)[n)=(nl(a,)¥n+Ln+1)=(n[n+2vn+1jn+2)=0
(nl(aa)|m)=(n|(a)vn|n-1)=(n[Vn-1Jn|n-2)=

For the Potential Energy: x = ara,

Mo, .,
V2 = %
V)=(aV o

=(n[£x’[m)

=%(n|(a+a,)(a+a,)n)

= {nl( "+ ga”" + 3"+ g |In)
=.z(N+1+n)

= o (n+ 1)

| =

T 2% may
="2(n+3%)
For the Kinetic Energy: p = \/_—; M,
i
(T)=(n|T|n)
ol

~5(n(a-a)(a-a,)|n)
= -} n|(;aé —gafn+l—9£n+9¢af°)|n>
=" (n+1+n)

=5 ()

=2 (n+3)

V)=(T)
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7.34 (page 221) Show that the current density J may be written
= %I:l//* Py + (v * ﬁl//)*] where P is the momentum operator.

Show that it is equivalent to equation 7.107: J =5/ * Vi —yV y *]
Here is the math:

J=y*Vy —yVy*]
= omi LW VY = (v *Vry)*]
=5kl Py + (v * Py )]
=S [v* by + (v * Py )*]
= o= [w* Py +y Py ¥
Zm[l/l* —ihV )y +y (V) * ]
Zm['// IhV l//-H// IhV ]
2y *Vy —yVy *]

Lly*Vy-yVy*| < thisisequation 7.107

N‘

Meg Noah

7.35 (page 221) Show that for a one-dimensional wavefunction of the form [where

P(x.t) isreal] y(xt)= Aexp[igb(x,t)], J :%‘A‘ngi.
Start with equation 7.107: J =5/ [y *Vy —yV y *]

J=gilv*Vy —yVy ]
w(xt)=Aexp|ig(xt)]

J=|y* Gy -yiy*]

= gl A2 pel ) Al ponel ]
=il (e e e e
—\A\[W-f" o]

- alA 2%

= hlA %
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8.34 (page 323) Construct the eigenstates and eigenenergies of a particle in a two-
dimensional rectangular box of edge lengths a and 2a. Take the origin to be at the corner
of the rectangle. Account geometrically for the removal of most of the degeneracy
present in the case of the square, two-dimensional box described previously. The
degeneracy present for this configuration (e.g., the energy 5E is doubly degenerate) is
sometimes call accidental degeneracy, in that it is neither exchange- nor symmetry-
degenerate.

n, y
(anny (X y) = ¢nx ¢ny K ”X 2a g
(an
Enx = nx El
ny 2
Eny = (7) El
E=E +E :[n2 +(”—V)Z}E
n nx ny X 2 1
Degeneracy — n’= nx® +(ny/2)?
1 2 3 4 5 6 ny
nx nx? 1 4 9 16 25 36 (ny/2)?
1 1 2 5 10 17 26 37
2 4 5 8 13 20 29 40
3 9 10 13 18 25 34 45
4 16 17 20 25 32 41 52
For n=square_root(n?) - Only survivor:
1 2 3 4 5 6 ny
nx nx’ 1 4 9 16 25 36 (ny/2)?
1 1
2 4
3 9 5
4 16 S

Double degeneracy at 5E with nx,ny=(4,3) and (3,4).
Degeneracy occurs at Pythagorean triples.

8.35 (page 326) What is the order of degeneracy of the eigenstate Eg =7, (S+1) of
the two-dimensional harmonic oscillator?

The degeneracy equals the number of ways of writing an integer s as the ordered sum of
two whole integer numbers (starting at 0). There are (s+1) ways to do this.
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8.36 (page 326) (a) Write down the Hamiltonians, eigenenergies, and eigenstates for a
two-dimensional harmonic oscillator with distinct spring constants Ky and K.

V(x)= Kex?2=ma’x?/2 where o Ky/m and V(y)= K,y?/2=ma,y*/2 where m,*"K,/m
The Hamiltonian for this 2-D harmonic oscillator:

i s mbt g gy
2 To2m g2 2 2m py?

2
Ky)’ m(uxx

2 2,2 2
=P K, Py —Px
H_2m+ 2 +2m+ +

The Schroedinger Equation is:

(4 22)+ 2 (X + Y )p=Ep

Separation of variables can be used to express ¢ as:
P(X,y,2) = X(X)Y (y)

(X910 xrn ) (2 )X (Y (y) = EX (1Y ()

—1? 1 Y (y)2°X (%) X (x)2%Y (y) maw?x? mojy? \
WX(x)wy)( o T o )+( ;- +——|=E

n2 1 X mepy w1 Ny meyy
(—mxm o T )t —mvy et )J=E=E, +E

Each variable is a 1-D Harmonic oscillator

21 0°X(X) mzaf)(2 _
( 2'm X(x)  ox2 + 2 _Ex

and

2 1 o) 4 mepy’ )
(et 2+ ") =,
Define:

B =5 B =

The eigenstates and eigenenergies of the Hamiltonians H, and H,, are:
X, (X)=AH, (B E, =ho/(n, +i)=h (n, +%) n, =023,

Y, () =A 3, (By)e" " E =ho,(n+3)=n]E(n,+1) n=0123
Where # are the n" order Hermlte polynomlals and A, are the normalization constants.
The total eigenstate is and eigenenergy is:

Oon, (0 Y) = A, I, (BX)TH, (By)e "
E,, =E, +E, =ho,(n,+31)+ho,(n +3)
where

n=n+n, n,n,=0,123,--
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(b) If Ky=4Kx show that the eigenenergies may be
written: E |, =7, (I’l1 +2n, + %)Where n, corresponds to x motion and N, toy
motion.

The eigenenergies of the Hamiltonians H, and H, are:

ke

a)x: m:a)o

o0, =\ =% 2[5~ 20,

E, =ho,(n +1)=haw,(n,+3) n=0123,;-

E, =ho,(n, +1)=he,(2n,+1) n =0123

E,, =E, +E, =ha,(n, +%)+ha)0(2ny +1)= he,(n,+2n, +32)
where

n=n+2n,+1 n,n,=0,12,3,---

(c) For part (b), what is the order of degeneracy of E2,3? List the corresponding
eigenstates. Account for the absence of symmetry degeneracy among these states.

n=n, +2n,+1 n,n,=0123,:--
n=2+6+1=9

How many ways can we get n=9?

04

23

42

61

80

There are 5 different ways to get n=9. The absence of symmetry degeneracy arises
because of the factor of 2 on n2.
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Meg Noah

Problem to solve. What is the ground state energy for each of the following 2-Particle

systems?

1.) Hy, adeuteron and an electron

2.) He", asingle ionized Helium atom

3.) Positronium, a bound positron and electron
4.) Exciton, with e=10 (dielectric constant)

ignore CM system

e _I Z*R
01,00 -
M n’
2 4 8.9910° Nm2C?) 9.109:10"%kg )(1.6022:10°C N
R= () = [owowalt#207) _13.6 eV
2h 2(1.0546~10'34N ms) (1.6022-10'19 JeV’l)

me=9.109-10"%" kg
m,=1.6726-10"" kg
my=1.675-10%" kg

Z'=% |ml m2 | pu=32 kg | R=(4) S ev | E=L2ev
1 1 mptmp | Me | 9.10652e-031 | 13.608698 -13.608698
2 2 4my me | 9.10652e-031 | 13.608698 -54.434782
3 1 Me me | 4.5545e-03 6.806201 -6.806201
4 % Me me | 4.5545e-03 6.806201 -0.068062
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9.5 p 365 Show that the frequencies of photons due to energy decays between successive

levels of a rotator with moment of inertia | are given by ha):h,—z(l +1) or ha):h,—z(l).

1.,
n,I>=E|n,I>=Eh 11 +1)[n,1)=E, [n,1)

"2
Hn,| —1>=2L—I|n,| 1) :%hzl(l D d-1)=E,[nI-1)

A,

2
H|n,|+1>:2L—||n,|+1>:2—1|h2(|+1)(|+2)|n,|+1>:E,M|n,|+1>
1 1 1 h?
AE=E,-E,  =—#l(l+)-—n1(-1)=—hr"2l =—I
nl nl-1 2| ( ) 2| ( ) 2| |
1 2 1 2 1 2 hz
AE=E,,-E, :Zh (I+1)(I+2)—Eh I(I+l):zh 2(I+1):I—(I+1)

9.6 p 365 An HCI molecule may rotate as well as vibrate. Discuss the difference in
emission frequencies associated with these two modes of excitation. Assume that only

| — I +1transitions between rotational states are allowed. Assume the same for
vibrational levels. For rotational levels assumel []<50. Spring constant and moment of
inertia may be inferred from the equivalent temperature values for HCI:

ha, kg = 4150K; #%/21k, =15.2K

. [2
rotational — Z
2
AE..  =E —E, = th ~ 2k, (15.2K)I = 2(1)(15.2)(8.617 34-10-5K) eV/K=0.0026 eV/
1=1
2
AE .. =E —E, = th ~ 2k, (15.2K) = 2(50)(15.2)(8.617 34-10-5K) eV/K=0.13 eV
1=50
Evibrational = ha)o (n + %)
AE rsiorat = Enoa — Eny = hay, (N +143) = hio, (n+3) = hao, = 4150K -8.617 34-10-5eV/K=0.36eV

The vibrational energy is orders of magnitude larger than the lowest rotational states, but
around rotational states at 1=50 it is only 3x energy.
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9.23 (page 385) Assume that a particle has an orbital angular momentum with z
component zm and square magnitude 7%l (1 +1).

(a) Show that in this state (L, ) =<Ly> =0.

(Lo)=(lm[C[1m)=3(m|C,[l.m)+3(m[L_|I,m)
1h\/ )(I+m+1 Im|| m-+1)+ 1h\/ +m)(1-m+1)(I,m|l,m-1)=0

(Ly)=(Lm[ L, [1m)=3], m)=3(l, >
=3 aJ(1=m)(1+m+1)( Im|| m+1)— h\/ +m)(1-m+1)(I,m|l,m-1)=0

(b) Show that<LX2> :<L 2> =0.

L2 =3(L, +L)3(L +L)=%(L +LL +LL +L?)
L2=3(L -L)3(L-L)=2(L -LL -LL +L?)=4(L +LL +LL +L?)

C-C=C+0=20=0C=4(C-0)

(2)=(1,m[C|1m)=(,m[3(C =) [1,m)=4 (47 (1 +2)—=m*A* ) (1, m|1, m)

9.24 (p 385) The same conditions hold as in Problem 9.23. What is the expectation of the

operator (L L, +L,L, ) inthe Y," 2

L +L L )=2[3(L, +L )3 (L —L)+3 (L, -L)3(L, +L)]

$[(LL-LL+LL -LL)+(LL+LL -LL -LL)]

132(LL, -LL)=F(L?-L?)

)= (L L))
Y- Ld, [

Y = (Y2, g [V

Y2 =3d, ady g, (YY) =0

1
2
1
2
1
2

)

<Ylm‘ 7 L CI m+1
3

\

(L, +LL

‘<

=(Y,"

=i
CI m+1CI m+2

=7 CmiaCime <Y|
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10.6 (p 413) The current vector J associated with a wavefunction V/(F,t) is given by

7.107:

T= V-V,

The wavefunction may be termed source-free if V - J=0.
(a) What is the eigenfunction of p, corresponding to the eigenvalue of 7ik ?

. 10
—ih=—r
P = ror

P, = ko,

.10
—ih=—rp, =hk
ror 2 2

eikr eikr y A
=@, = A g iU :_el(kr t)
r r

(b) Calculate V - J for this eigenfunction.

j — i(l// *yV W — l//v V/*) — L(ée—i(kr—aﬂ)véei(kr—aﬂ) N éei(kr—wt)v ée—i(kr—a)t)j
2mi 2mi r r r

Véei(kr—wt) — igrzg ée(kr (ut) A a ( l+ |kr) i(kr—ot)
r r’or or r2or

(r (Ik) i(kr—at) ( 1+|kr)|ke i(kr wtj (A:k (krwt)j
Véefi(krﬂm) _(_ 8 rz g)ée i(kr—ot) _(Ag(_ —|kr) 7. (kr—at) j

1_
r or or or

(é( k)e Y + (~1—ikr)ike " ”") ( 'i"k (k- “‘)

j:i.(l//*vl//_l//vw*)_l(Ae_l (kr—at) Alk (kr—wt)_ée kr—eot) Alk —| (kr— a)tj
2mi 2mi r r r

kn A

m r?
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11.45 p 515 (a) For spin corresponding to s=1/2, show that the eigenvectors Sy and Sy
are:

4] o 3f] a3l aedl

Obeys the eigenvalues equations for s=1/2.

R L1 R G T
o

S e Y MGt

(b) What are the elgenvalues corresponding to these eigenvectors?
h 0 1]

11_h1_ﬁa
2|1 0]V2|1] 242|1] 27
S,B_h_o 111[1] n L_n,
X201 02| -1 242] -1 2™

in[0 -1] 1 [1] in [-1] & [1] &
S,a, =— —l|.|=—F= =—F|.|=7«
Y201 0 V2li] 2421 2y2li| 27

ot Sl

( ¢) Show that the eigenvectors comprise two sets of orthonormal vectors.

SXaX =

(o, |a)= %ﬂ%[l -2 @+D-1 <ay\ay>=%:_li}%[l J=- @+ =1
(] 8)= %1} =t 1= a-n-0 <ay\ﬂy>=%__li}i2[l ]2 -9-0
w3 e 3l

(B.15,)= % }%1 )= a+)=1 (5]8)- %ﬂT“ ]-taen-1
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