Quantum Mechanics Lecture Notes 24 April 2007 Meg Noah

Spin and the Pauli Spin Matrices (Section 11.6 p 152)

Today we are going to study spin. You know that the Earth spins as it goes
around the Sun. Spin results in day and night. An electron also has rotation
and two states, up and down, for the orientation of the spin.

o ¢

Sun

Stern-Gerlach Experiment

(see page 524). From the classical point of view, an electron beam passing

through a high gradient magnetic field will pass straight through.
PREDICTED

In a constant magnetic field, a dipole experiences no net force. A change in
magnetic field exerts a force on a dipole. The experimental results could be
described by electron spin creating a dipole — up or down — splitting and
deflecting the beam.

ACTUAL EXPERIMENTAL RESULTS

N

Analogy to Angular Momentum Theory
We have already learned about the |2, L. Spin is a vector operator that has

the same form: S. We have the same commutator relations:
S,.S, |=ins,

S,.S, |=ins,
[S,.S,]=inS,
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also we have
S, =S, %IS,

S?|s,mg) =h’s(s+1)|s,mg)

S, |s,mg)=nmg|s,mg)
So we have the same results as angular momentum but this is called spin.
For example, for an electron, the spin s=%, is a half integral number.

Here is the Dirac notation for an eigenfunction a of the eigenstate with s=/,
ms="%.
a=|s=Y2,mg =V2)

Consider the S; and S? operators operating on these eigenstates:

a=|s=Y2,mg =)

B=|s=%,mg=-)
S,a=S,|s=Y2,m; =V2)=Vah|s =Y2,m; =V2) =Yeha
S,B=-Y%np
SPa=8%|s=Y%,ms =%2) =Y2(1+ Y2)h|s =Ye,ms =%2) =¥ i’ax
S p=%n’p

Spin up, spin down, the solutions describe the electron — it has 2D space.
Now we are only considering the spin state.

W =Ca+C,p

Sy, Sy, and S, are all operators. If you write out operators, this is the basis.
Write out a matrix (each Hii also has an eigenvalue and eigenfunction).

|:H11 H12:|
H21 H22
H' =H.

1 IL
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In matrix form,
(@[S a) (a]s|B)
[SX]‘L/J\SXM <msxm>}

) a
operates on wavefunction = |:b:|

The ladder operator is exactly the same as in the angular momentum theory:

S, [s,mg)= h\/s(s +1)—mg (mg +1)|s, mg +1)

S_[s,mq)= h\/s(s +1)—mg (mg —1)|s,mg —1)
S,a=0 S, p=ha
Sa=hf S =0

Let’s write 1t out:

S.a=S, |s=Ys,m =%) =i (Yo +1)~Ya(Ye+1)|s=Ye,mg =% +1) =0

S.B=S.|s=Ye,mg =—Y2) =n\Y2(Yo+1)-Yo(-Yo+1)|s =Yo,mg =2+ 1) = h| )

Sa=S [s=Ys,m =%)=hYs(Ye+1)+¥(Va—-1)|s=Y,m; =Y2-1)= | B)

S_,BzS_\Szl/z,mS :—1/z>:h 1/2(1/2+1)+1/z(-1/2—1)\s:1/z,mS :—1/2—1>:0
We have:

a=|s=Y,m; =%)
B =|s=%,mg =-%)
S,a =Y2ha
S,B=-Yhp
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Recall earlier:

Si = SX + iSy

You will write it out:

® S,a=S,+iS,|a)=0

@ Sa=S,-iS,|a)=h|p)

® S,8=S,+IS,|B)=1|a)
@ S f=S,-iS,|p)=0

Adding and subtracting equations 1 and 2 results in:

h
S,[a)=215)
i7
s ) =",

Adding and subtracting equations 3 and 4 results in:

S.19)="a)
S, 18)=—2a)

Then for example with a matrix you get:

(@[S, |a)=({a|B)3=0
(a[S,|B)=(a|a); =%
(B]S.18)=(Bla)s=3
(8|S, |a)=(B|B)5 =0
(alS]a) (als,|p)]_[0 4] _n[o 1
> Lﬁ\sx\@ <ﬂ\8x\ﬂ>} {— O}ZL 0}

o 7_|@lSl@) (als,|B)|_[(alB)} (ala)|_in[0 -1
‘Sy]_&ﬂ\sy\@ <ﬂ\5y\ﬂ>}{<ﬂ\ﬂ>% <ﬁ\a>7'h}2{1 o}
(e[S, |a) (a|S.|B)| _|{a|a)} {a[B)3|_n[1 O

[SZ]_LMSM <ﬂ\52\ﬂ>H<ﬂ\a>% <ﬁ\ﬁ>4 z{o J
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Final Results:

-3 o) (5177 o) o o)

Spin Up Spin Down

Pauli developed this theory so we call it the Pauli matrix. The Pauli operator
Is defined by (page 515):

»

Il
>N

>

5 HF I H B P

Example — we have spin corresponding to s=1/2, what is the S, eigenvalue of

: 1
the eigenvector «, =i{ ?

721

‘ RlO0 111 (1] & [1] &
o. =— —_— | = — =—Q
X201 0]V2]1] 22|1] 27

Homework: 11.45




