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1-D Infinite Potential Box

Recall that for the 1D box, we write the Hamiltonian this way:

=00 for x<0 and x>a
H, = px AV (X) V (X)
=0 for O<x<a

ANA .
v :

We solved the Schrodinger equation
to find wavefunction and E,:

Hy, =Ev, B
eigenfunction: w, ( \/_sm X)) n=123,.. m

2.2 2=4E
eigenvalue:  E = th’;z n’ v 0

2-D Infinite Potential Box
For the 2D box, we write the Hamiltonian this way (Section 8.5, page 317):

I_AI +V(x)+ y+V( ) VX =oo for x<0 and x>a
2m y =0 for O<x<a
o for y<0 and y>a
V()]
=0 for O<y<a

Ho=H +H

This problem is simple because we can separate the Hamiltonian into two
parts, and the parts commute with each other:

[H,.H, |=0

The Schrodinger equation solution is a product:
HW 00 (%, Y) = Epps i (X Y)
l//nm(X, y) :Wnl(x)l//m(y)
|:|l//n1(X)l//n2(y) - Enlnzwnl(x)wnz(y)
eigenfunction: v, ,(x,y)=2sin("*)sin("4
n=1.23.. n=1,23,..

eigenvalue:  E,, =2z (n} +n]

)
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3-D Infinite Potential Box
HW 11005 (% ¥:2) = EpponsWatnons (X0 ¥, 2)
Wotnzns (%0 ¥, 2) =W (X)W, (Y)W (2)
I:h/’nl(x)‘//nz (y)‘/lns(z) - En1n2n3wn1(x)wn2(y)wn3(z)
eigenfunction: v,,.,.. (X, y,z)=g/Zsin("5*)sin ("5 )sin("3*)
n=123.. n,=123. n=123..
eigenvalue:  E, =2z (n’+n;+n;)

nin2 2ma?

n-D Infinite Potential Box

Use these 3 models to calculate complex systems. Harmonic oscillators —
can solve it totally. Hydrogen H-H molecule — use Hamiltonian. If you
want He, you have to use the Hamiltonian for Hydrogen to model. The
quantum dot, box, wire and well, etc.

Degeneracy

Next let’s look at degeneracy.

E,... =22 (n7 +n;)=E,(nf +n])| true if and only if
E1,2:E2,1 O<x<a

Vi =V O<y<a

3-D Harmonic Oscillator Degeneracy

1 kzrz Degeneracy
H 2m + of Enln2n3 S=4
1 p2 p§ p? kz(x2+y2+zz) 1 2 1
H=3++0+—— 5 1 i
H=H +H +H, 1 1 2

0 4 0
Witn2ns = VlnoVns = ‘ n,n,, 3> 4 0 0
0 0 4
En1n2n3 :hw0(n1+n2 +n3+5) 2 2 0
2 0 2
0 2 2
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2-D Harmonic Oscillator Degeneracy
Qualifier — show that S has S+1 Degeneracy.
J P, Ker? Degeneracy
H 2m * 2 Of Enan
A . p2 p§ k2(x2+y2) S:3
H=3+2+— 1 5
H=H,+H, 2 | 1
0 3
Wiine =V ul¥n2 = ‘ n, n2> 3 0

E

nin2
%/_/
S

=ha,| N, +n,+1|=he,(S +1)

Prove that v =y,

Hy v, :(I-A|X + Hy)l//nll//nz

=y, (NH W, () +w,, ()H w,,(y)
=y, (V)Ew,,(X) + v, (XE w,,(Y)
=(Eu+E)wn (0w, (¥)
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2 Particles

We always talk about 1 particle, and in many dimensions. Now we talk
about 2 particles These are 2 identical, non-interacting particles.

H (%, %) =H (x)+H(x,)+V(x,x)

[H(x).H(x)]=0
Vo = 280 (252 )sin (252 )
E o = 22 (07 +17) n=12,..

niln2

l//nlnz = A‘//nlnz + BWnan haS sSame elgenenergy

If w__, is an eigenfunction, then y_, . is also an eigenfunction.
W, = Az//nlnz + By, Isalso an eigenfunction.

‘//Symmemc \/_ [l//nl Wn? )+ l//”l(xz)l//"z (Xl)] Two Special

State

-
Eigenfunctions

W antisymmetric — E[l/jnl ( Xl)an (Xz ) VY ( X, )an (Xl )]

State

S

l//Symmetric (Xl’ X2 ) = WSymmetric (XZ ! Xl) < Boson
State State

WAntisymmetric (Xl’ XZ) = _WAntisymmetric (Xz’ Xl) < Fermion
State State

Hydrogen Atom

The molecular rotation spectrum — absorption of light scattering can be
explained by a rotation spectrum. The rotation inertia becomes an operator

E= LZ/ 21 — H . Here quantized L can explain the rotation spectrum. Be
able to estimate the Hydrogen meV, ueV.
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Spectral Lines
AE The defined separation AE
doesn’t change

Angular Momentum
From classical mechanics:
L=Fxp

We can write it in Cartesian coordinates:
Pk L =yp,—2p, =-in(y§ -2

L=|x vy z L, =zp, —xp, =—in(z& - x2)
PP Pl (L=, —yp,=in(xg - yA)

a
|

Qo

N

SIS

X

Generally you can write:
p=—iAV L =iArxV

The commutation relation is very important! Remember them by the cyclic
X,y,z order.

LL, | =inL, X y
0,0, =inL, mL 7
- - R /
L, L |=inL, ;

We can prove this very easily. We have already proved the position and
momentum commutation relations.
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ray} i
Now, we can show these angular momentum commutations in the same way
we proved:

|GG ]=CL -0L

[%.P
9.
[2,p,

'Cj)

=(yp, —2p,)(zp, —xp,) ~(zp, - xp,)(YP, — 2P,)
(Yp.zp, — yp,Xp, — 2p,2p, + 2D, Xp, ) — (2P, YP, — 2P, ZP, — XP,YP, + Xp, P, )

=ZZM+ yz(p.p, - P,P,)+xy (R~ +X2(p,P, - P.P,)

=yz(p,p,— p,p,)+xz(p,p, - p,p,)
=xp,(zp, - p,2) - yp,(2zp, - p,2)
=in(xp, - yp,)

—inl

4
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Eigenvalues of Angular Momentum

Finding the eigenvalue of L is nearly impossible — it is very difficult. So, we
look for *=L?+L+L?. Wewant to prove this that L, and L* commute
with each other:

[L.C]=0
This means that they have the same eigenfunction. We want to prove this:
[C.C]=[C.C+C+0]

=L -CL+LC-1L

=LLL+LLE -CLL-COC +C00 +C L0 -CLL -CLL
=I:X[I:Z,I:X]+[I: ,I:JﬁX+L [I: L +[I:Z,I:JI:y

CiAL,L, +iAL,L, — L AL, —inL,L,

This means that L, and L? commute with each other which means that they
have the same eigenfunctions.

To solve L, and L? for the angular momentum, we solve:

Ly, =2 1(1 + Dy, , 1=012,...

Ly, =hmmy, }m =-I,-(1-2,-(1-2),...,0,...,(1-2),1
| hope you can remember this when you studied atomic physics. Next class
we will learn the details of how to get this. Also, we have the spin
momentum coupled together with the L. We got this all because of the

commutation relation. We can’t change the order of operators. Solve for the
harmonic oscillator also become a commutator. This is the most

fundamental relation: [, p,]=i7. Even L is complicated.

Homework: 8.35 and 8.36 the Harmonic 2-D oscillator — on qualifier.



