Quantum Mechanics Lecture Notes 8 February 2007 Meg Noah

Commutator Relations
A, B = operator

[A, Ié] = AB -BA
If [A, B] -0
then AB = BA and A and B commute with each other

Important Commutator Relations

Any operator A commutes wtih any constant a
A, a] =0

_A,a]zAa—aA:aA—Aa:O

'A.aB

= [aA B] = a[A, B]
Any A operator commutes with its own square A’
AA | =AA - APA=A-A*=0

Another way to generalize the commutation of A with A"
|AB|o(x)=ABg(x) - BAg(x)
A, Az] g(x) = 0 < important relation

Any operator A commutes with any function of A, f (A)

i (A),A} :[A, f (A)]o

An example of commutation with function:

[eﬁ’ﬁlz{g%’ﬁ} =3B B]~[LPIHp. Bl [0 1+ =0

Chain rule of differentiation:

[F(x), g0 =[1'(x), g )T+ [T (x),9'(x)]
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Do X and p commute?

What is their commutator relation?
[%, p]="

[X, ]9 (x) =Xpg(x) — PXg(x)

.. O 0
= X(—Ih&j g(x)— (—Ih&j Xg(X)

__inx 990 5, X900
OX OX
=—ihxg'+ia(Xg'+ Q)
=1hg(X)
~ X pl=in

Do X and p* commute?
What is their commutator relation?

(X, p°]="7

[, p*1=XPP — PPX
= XPP — PXP + PXP — PPX
= (X0 — PR)p+P(XP — PX)
=[X, pIp+pIX, Pl
= 1hp+pinh
=2inp

- [&, p]=2inp

%2, p] = 2%

Meg Noah
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If A and B commute with eachother AB = BA

Then A and B have a common set of eigenfunctions
Prove this: 1,

o

Bo

Ap=agp
B(Ap)=aBy o
A(B Q) = aB(o Hilbert Space H
~.Bg is an eigenfunction of A corresponding to eigenvalue a

If ¢ is the only linear independent eigenfunction of A that corresponds
to eigenvalue a, then B differs by only a multiplicative constant:
Bo=up

. @ is also an eigenfunction of B

Linear Independent - if ¢(x)=> c,p,(x)=0 forallx, thenc, =0 forall n.

Check this theorem:
The free particle momentum p term and Hamiltonian H
have a common set of eigenfunctions.
Prove this:
AP n
H=— and [p,H]=0
2m

A A2

2 _P 5_0
2m  2m
qu — Aeikx
Py = ih%
n p> h2k> have a common set of eigenfunctions
Ho = k = k
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The definition of the Parity operator: ( ¢(X) = @(—X)
Suppose that ¢(x) is an eigenfunction.

© () = p(-x)

9 9(x) = ap(x) = p(-Xx)

' p(x) =a’p(x) = p(X)

a’=1

a=1*1

P Posen (X) = Py (-X) = @,,.,(X)

9 Pogs (X) = Py (-X) = =04 (X)

Consider symmetric system V=co |x|> a2 and V=0 -%< X < %

A2

P
2m

PV (X) =V (-x) =V (x)

If you find that

PV (X)p(x) =V (=X)p(=x) =V ()& ¢(X)
[o,V (X)]=0

Prove this:

. p?
y :O
#2m,

[©, p*]1=0

H="—+V(x)

o I P e
P Pp(x) = (—inV ) p(x) = S P P =TS 6000 ==bp 009
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Hamiltonian with a Symmetric Potential
Commutes with the Parity Operator

Hamiltonian from the Schrédinger Equation:

82
—— () =K'p(x)
OX
ke
m
eigenfunctions should be even or odd
@ = Acos(kx)
parity =-1
ka nz
2 2
2
(%)
E - a
" 2m
@ = Asin(kx)
parity = -1

E

N=135,:"

a

V(X)

~

Meg Noah

9 E,

ka _

n=2,4,6,-

(%)
E-_\a&a/
" 2m

also useful for finite well - very important
to treat or simplify problems.

-al2
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I¥ Homework: 5.12, 5.13, 6.16 and
Show that if Cy=y* C is not Hermitian

This proof shows that the contrary assumption leads to contradiction. Start
with definition of Hermitian operator. An operator is Hermitian if and only
if:

[0xg; (00w, 09 = | dxw (904,90

[k Oy (9 =[xt (xly ()

0w 00C4,00] =[ [ dxwi 008 | = ] e 0w, 00

since

[xgt (w2 00 # ] e (9. ()

[0 (08w (0 2| ] w2 (04,0

. Cis not Hermitian

What are the eigenfunctions of C? ( ¢) What are the eigenvalues of C?

Co(x) = (x)
Co(x) =co(x)
cp(x) =9 (X)
C’p(x) =CCop(x) =Co (X) = p(X)
C'o(x) =c’o(x)
s.ct=1
c=t1
since co(X) = @ (X)
if @(x)=Re(¥),thenc=1
if o(x)=Im(¥), then c =1 where ¥ =complex function in Hilbert Space.



