Quantum Mechanics Lecture Notes 30 January 2007 Meg Noah

The State Function and Expectation Values

From Section 3.3: “The third postulate of quantum mechanics establishes the
existence of the state function and its relevance to the properties of a system:
The state of a system at any instant in time may be represented by a state or
wave function y which is continuous and differentiable. All information
regarding the state of the system is contained in the wavefunction.”

State Function - w(7,t) - from the state function, we know everything about
the system.

Expectation value — the value one expects to obtain in any given
measurement. Generally:

Average value: v = [Prvadx

Expectation value:  (A)= T‘P*A‘de

Example: We only know the average location, not the actual position.

(X)= [9" (xR (x, )k = j%“mx
Z
[Pdr = ¥ *ydr
0 A

X
Mean-Square Deviation

(Ac) = <(c - <c>)2> ~ <c2 ~2(c)c + <c>2> =(c*)—(c)’
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Example Of Computations Using a Specific Wavefunction
Dr. Shen spent most of today’s lecture time discussing the specific example
on page 78-80. Portions of the homework problem 3.11 were done in class.

w(Xx,1) = Aexp (4a %)’ exp( . jexp(—la)ot)

Quantum Phase

N A

Vo

Pos}{tion Momentum

To solve problem 3.11, we need to calculate Ax and Ap. To get the mean
square deviation, we need to find <x>, <x*>, <p> and <p®>.

Normalization is shown in the book, introduces some dummy variables:

1
A% =
av2r

introduce dummy vari ables 77 and 7,
_(x=%)
a
x=a(n+1,)
XO
a

7, =
Computing <x>
= T W * Xy dx
= T v * Xy dx
= A%a’ T (77+770)e_']%d77

0
- Azazine‘% + A%a’n, I eingdn

=0+ A%a’n,\2x
= arn,
= XO
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The book shows that (x*) =a® + X, because Ax is the square root of the

variance of the Gaussian function is a. Dr. Shen wrote the result and
referred us to the book for details.

Computing <x*> [Note: This part wasn’t done in class, but | added it for
completeness]

(x*)= Tz//*fo?z//dx

0
= A%® J- nzeingdn + 2A2aS%W + A%a’p,’ j eingdn
= A%a’\2x + 0+ A%a’p 2x

1
2,3
= A%

) 2
=a’+X,

Computing (p) (Dr. Shen’s way)
First find:

0 A =2(x=x,) (x—x,)? ip, X r
axW(X't)_A{4a2 }exp{ e } (h jexp( ,t)

+A{ . }exp{ (4; %)’ }exp( 72 )exp(—ia)ot)

:(—Z(X—X) |pojw(X 9

4a° h

= T w * Ppdx = T W*(—ih%)wdx

:(_ih)iw*w(ﬂ+i%jdx

43°
0
N -2(x— A\ ip, T
—(—lh)__[ol//*l// 4a20 dX+(—I7’Ll)7O:[Ol//*l//dX

=Py
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Carrying out the math a little more... [Note: This part wasn’t done in
class, but | added it for completeness]

- i+ pocic= oo -in e

- T'// * (- ih)[_ 2(;(&_2 %) + Ipojwdx

- T(—ih)(_ Z(A:(a_z %) | IpO}AZ exp{_ Z(Z;ZXO)Z}dx

= (~in)A? I(Z(xx) jexp[z(x_x")z}dx

4a° 4a°

:(—ih)AZT(_Z(Ai(a_2 XO)jeXp{_Z(Z;ZXO) }dx+(—ih)A2T(i2{)]eXp{2(Z ZX) }

the first integral is zero because it is an odd function over all space,
for second integral, change variables tou = (x—x,)/a to du =dx/a

o 1P, )7 —u’?
=(—in)A?| =2 d
=in) (hj_jxexp{ 2 }au
= A%ap Texp —u” du
O_w 2

= A’ap,/27
= pO

The book uses a change in variables:

:_zw*pwdxziw*( ]y/dx Azaj[ +—77] "idp

_ pOAZaTe_’%dn = p,A%a~27 = p,

Back to class lecture notes...
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Computing <p2> (Dr. Shen outlined a way and gave us the answer)

.. 0 0 0’
N =pp=|—-ih— | —ih h°
berp ('axj( axj ( axj

0’ (X=%) , i,
82t//( t)= ax[ j(xt)

2 2
-1 —(X=X,) O Ip, | O
= — R + _ | —
2a’ VT2 o ( n)ox”
h2 — p2
~4a 0

ﬁ Homework: 3.11.
Heisenberg’s uncertainty principle

h
AXAP = —
P 2
Hints for homework problem:
(p)=p,
(p) =p;
o I
(P*)= ozt P
2 2 hz h
Ap=1/(p*)=(p) =\/4 PP =
Ax=(x*)=(x)" = Ja’+x’ -x’ =a
AxAp:aE:ﬁ
2a 2
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Time Dependent Schrodinger Equation

This is the way to write the time dependent Schrédinger equation:
ihg‘{’(f,t) = H¥(F 1)

The Hamiltonian operator is:

n p2
H=—+V(r,t)
2m
In general, if the potential is a function of time, the problem is too

complicated to solve. So, we confine ourselves to the domain of problems in
which:

2

H=L v
2m

Solve by using product form of wavefunction for separation of variables:
W(r.t) =o(r)T(t)
Put into the Schrédinger equation:

mgwﬁﬁm=ﬁmmﬂo

0 A
Ihco(r)aT(t) =T()He(r)
.. O
in—T@®) 4» -
'Y Ae) .

T(t) o(F)
This can be separated into two different equations, one in time and one in
space. Start with time — it is easy to solve:

0
i T(O=ET()

T(t)= Aexp(%aj
The space part is the eigenvalue equation:

Hgp(x) = Ep(X)
The solution to the time dependent Schrddinger equation is written this way
with n being the quantum number (each solution has a quantum number.):

W (F 1) = Aexp(%)gon (r)

Ho, () = E, g, (x)
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Consider the free particle — V(x) =0
Another way to write the eigenfunct ion plane wave in x - direction :

o, = Aexp(ikx)
= % =hw
o (x,t) = Aexp'®
f(x,t)=f(x—1t)
@ p _ classical particle velocity

V=—=
k 2m 2

E

k

In classical mechanics, the position is known. In quantum mechanics,
different positions have the same probability.

Classical Mechanics Quantum Mechanics

Probability Distribution 1 Probability Distribution

function for Free Particle - function for Free Particle —

Particle position is known different positions have same
probability




