Final Exam — Classical Mechanics Meg Noah

1. Consider the motion in one dimension of a particle subjected to potential V=I"|x| (where
I'=constant). Use action-angle variables to find the period of the motion as a function of energy.

Solution:

The kinetic energy of the particle is given by:
1
T ==—mx
2
The potential energy of the particle is given by:
V =T|x|
The Energy of the particle is given by:
1 .,
E=T+V =5 mX +T|x|
The Lagrangian of the system is given by:
1 .,
L=T-V = X ~TI|x|

The conjugate momenta is given by:

_oL_

= =mx
P OX

The Hamiltonian is given by:
. . 1, p’
H=px—L=mx-T+V = MXX— X +F|x|=2—+r|x|= E
m

The conjugate time derivative of momenta and spatial coordinates are:

__H__p

p  m
oH __8F|x|

X ox

Algebraically, solve for momentum in terms of E and x.

p=+/2m[ E-T|x]
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The time independent Hamilton-Jacobi generating function as a function of x is given by (eq. 10.17):

W :j. pdx:ij.1/2m|:E—F|x|]dx
0 0

The action is given by (the factor of 4 multiplied by the integral of the pos-x,pos-p quadrant because of
symmetry) (eq. 10.82):

2 Xmax max

1 2 X
J :Eq.)pdx:; _[ 4/2m[E—F|x|]dx:;«/2mE l' \/1—F|x|/de

0

Since the x is only in the positive x region:

2 Xmax
3 ==+J2me ! J1-T|x|/Edx

Xmax

122 JamE (%)(1—“&)3/2

T

2 2E 32 2 2E
=2PmE| == |(1-x , /E) - S2mE| ==
r m (3r]( Ko/ E) 7 " (3rj

0

Since the particle is changing direction at xmax then it’s kinetic energy becomes zero instantaneously.
ThereforeI'X ,, = E

3= (2m)?E%
3l

Algebraically express E in terms of J:

3o 42m £92
3"

E3/2 — J 37Zr

4«/ 2m

E=1J 2/3[ 3 jm

4x/ 2m

The prescribed solution calls for finding the period from the action angles (eqgs 10.86, 10.87, 10.91).

oH
W=——, w=vt+/,
0J p
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The frequency can also be found from:

42m ca2_3 42m v _ 2J2mE

OE dE 3ad" 2 3 A

1
I
The period is given by:

27 (2«/2mE j _ 4J2mE

T=—=2x
® a I
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2.0 Determine the Lagrangian density for a three-dimensional sound wave in air. Determine the
pressure, density, velocity, and thermal waves for a plane wave and a radiating point source.

Reference: Elmore & Heald “Physics of Waves” and
http://en.wikiversity.org/wiki/Advanced_Classical_Mechanics/Continuum_Mechanics

Density of air: p, =1.29 kg/m®

In considering volume changes in an elastic medium, we can write Hooke’s Law:

P=-Bo
P = hydrostatic pressure
—o =strain

B = bulk modulus [force/area]

The volume strain associated with incremental pressure is related to the displacement (vector function
of position and time):

AV
Sval
P=-Bo=-BV-p
¢ = displacement vector function
P = Pressure

o V-0

The incremental changes in pressure cause small changes AV of volume V (equilibrium volume V) the
work done is:

W = —% PAV
The potential energy density is:

2 2
U =V—V=—%Pﬂ=—%P9=%Bez=P—= P .
% % 2B 2p,v

From the net vector force on a cubical volume element a wave equation for pressure is found:

2=

dF = -VPdxdydz = p,dxdydz %p

2

%/_/

mass of volume ~ “—~—

element acceleration
of volume
element

’p O’V o s Py O°P 1 0%°P
~-VP=p,—=-V-VP= > VpP="2 ==
Po 2 Po o B o2 V2 ot

tZ
v =/B/p, = the velocity of the wave
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This is shown to result in a sinusoidal wave of the displacement vector:

- 1 .
o(Ft)=——VP (r)e
(F.)= 5 VR (7)

2 a)z = =\ q-iot
\Y Pw+v—2Pw =0=P(r,t)=P,(F)e

E-F—a}t)

P(F,t)= Pmaxe_i( just set the direction to the x axis

The kinetic energy density of the wave based on the above is:

o]

From the kinetic energy density and the potential energy density the Lagrangian density is found as:

LZ%p{Re(%ﬂZJrM

20,V
If the gas is expanded adiabatically then:

B=yP

B = adiabatic bulk modulus [force/area]
7 =Cp /Cv

C, = heat capacity at constant pressure
C, = heat capacity at constant volume

So the state variables (pressure and thermal properties) of the air can be related to the velocity of sound

in the air:
2
Vv
p="%0 _ pressure
/4

2
vem
T =—2 =Temperature
7Kg
m, = mass of individual molecule

ks = Boltzmann constant
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For a radiating point source, the wave equation becomes (and solution for the pressure wave):

106 ,(6P) 16°P
2 AL A | U2 A2 =0
r<or or v° ot
P— éei(kr—(ut)

r
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3. Take w and i *as independent field variables in the following Lagrangian density and determine the

wave equation. What is it? What are the canonical momenta? (I hope that’s the same thing as
conjugate momenta!)

2

h S
Loy =g VY VYTV TV (W)

Solution:

Substitute into the Euler-Lagrange (for Lagrange Density) equations:

al-Density _a al‘Density _ al-Density _ al‘Density _a aI‘Density _ 0
oy Fo(ow) To(ow) o(ow) o(ow)
aI‘Density _a al-Density _ aI‘Density _ 8I‘Density _ aI‘Density _ 0

op* To(ow*) olowr) To(ow™) To(ow?)

Firstdo w*

aI‘Density _ 0 hz
2m 2i

h h
= —Vy - Vy* Ny *y+—(v*v -y *y) |=|Vy +—y
v oy v -Vy* Ny *y 2i(l// W -y 1//)} [ % w}

oL, . oL. . 72 .
6 Density :6 Density A a a * 8 a * a a * V * o x5 %
"o(0y) X@(Gxu/*){Zm( YO *+O YO, 4O YO ) VY Ry oy iy )}

0 al‘Density =0 axl//hz _ hz 82

“oow®) " am am Y

Density

oL oL, . K2 "
0 — Density | OO W +0 WO w*x+0. o w*)+Viy * n o
"o(o,p*) ya(ayw*){zm( O +O W0 *+0,p0,p *)+Vy v+ vy -y )}

0 aLDensity -0 ayl//hz_h_zaz
y@(a A~ Tom ToamY
W)

o Flomsy _ 5 Olowsy h_z(a WO,y *+0 0y *+0,y0 l//*)+V‘//*‘//+E(l//*l/7—l//‘/7*)
“o(op*) (o) am\ T T e 2i

8 al-Density _a az‘//hz _h_z

62
“0y*) am om
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oL.. .. oL. . 72 \
8 Density — Density A a a * 8 a * a a * V * o x5 - %
“o(ow) ta(atw*){zm( N N e L T B T A U A )}
o, —_oemsity -0, __on
Bw®) a’ a2’

Putting them all together:

ho. R i i o h
Vv ——8 ——8 —— & ——w =0
VIR T oam Y T am Y o Y a a”
With some rearranging it becomes the more familiar form of Schrodinger’s Wave Equation for a particle
in an unspecified potential
hZ

0
~ Vi -Vy =-ih
o VY VY rid

The conjugate momenta are found from:

pw — al‘Der:sity
oy
8I‘Density hz /]
=——| —(0,wo w*+0 yo y*+0,y0 +V +
P =5, {Zm( WO +O,Y0 < HO YO Y )+ Xy (v =y )
— h *
p‘// - 2| (l// )
and
aI‘Density
P =%
14
al‘Density hz h . .
P = o (OO *+0,p0 > +0 Y0 )+ Xy + (v v~y )
o, =l
v o7
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4. First show that the following transformation is canonical:

(ﬁstﬁP) (ﬁCOSQl Qz)
:;(\/ﬁcosQﬁQz), P, Z—E(\/ﬁSian— Pz)

A transformation is canonical if the following is an exact differential: | found this really cool relationship
but it turned out to be not worth anything... it looks like angular momentum

(R0 )., - (er -0
——(ﬁCOSQﬁQZ),Dy=——(ﬁ5i“Ql‘P2)
:__—(\/ﬁstl-i-P)(\/ﬁstl R)=-
(\/ﬁCOSQﬁQz)(\/ﬁCOSQl Qz): = (2R cos? Q- Q?)

yp, —Xp, = ;(ZPcos Q-Qf)+ (2Psm Q-F;)

(2P sin®Q, —P/)

ypx - Xpy = E(ZH _QZZ - P22)
Back to proving it is an exact differential... the first part is to express p,dX pxdx in terms of P’s and Q’s

1 .
:;(\/ﬁstﬁ Pz)

1

1 .
dx = ;(ﬁsm QP + ﬁcos QdQ, + szj
=%(\/ﬁCOSQ1—Qz)
(\/ﬁcosQ1 Qz)[ sinQ,dP, +ﬁcosQldQl+dPJ
«/_
p,dx = \/ﬁcosQl ﬁsm QdR, +\f§cosQﬂ/ﬁcosQldQ1 ﬂ/ﬁcosQldP

Qz\/_PstldP Q,+/2R, cosQ,dQ, —Q,dP,
2p,dx =cosQ, sin Q,dP, + 2P, cos® Q,dQ, + /2P, cosQ,dP,
—QZ\/_PstldP Q,+/2P, c0osQ,dQ, —Q,dP,
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Now express pydy in terms of P’sand Q’s

y== ({2 c0sQ, +Q,)
1

oL
Py z_%(\/ﬁSian_Pz)

p,dy = —é%(\/ﬁsin Q- PZ)(%cosQldP —\/ﬁsin Q,dQ, +dQ2J
1

dP—ﬁsiandQlerQzJ

-2p,dy = «/2P sinQ, \/_cosQldP 4/2P sin QJZP sin QldQ1+./2P sinQ,dQ,
1 :
-P, —Vﬁ cosQdP + PZJZP1 sinQ,dQ, — P,dQ,

-2p,dy =sinQ, cosQdP — 2P, sin® QdQ, +,/2F; sinQ,dQ, — P, %cosQldP + PZJZPl sinQ,dQ, - R,dQ,
1

Now get an expression for p,dx+ p, dy in terms of P’s and Q's:
2p,dx+2p,dy =cosQ,sinQdR +2R cos’ QdQ, +, /2F’1 cosQ,dP,
-Q, \/_Psm QdP - QZJZP cosQ,dQ, —Q,dP,
—sinQ, cos Q,dP + 2P, sin’ Q,dQ, - Q/ZF’l sin Q,dQ,
+ P, %cos QdP - PZQ/ZPl sinQ,dQ, + R,dQ,
1

2p,dx+2 pydy =2PdQ, + P,dQ, -Q,dP,

+ JZPl cosQdP, + P, %cosgdp1 ~P,/2P,sinQ,dQ,
1

-Q, \/_Psm QP - QZ\/ﬁcosQldQ1 \/ﬁsm Q,dQ,

2p,dx+2p,dy = 2RdQ, + P,dQ, - Q,dP, +d (P,/2P, cosQ, - Q, /2R sinQ,)
p,dx+ p,dy = PdQ, + P,dQ, ~P,dQ, ~1Q,dP, +d 4 (P,\[2P, cosQ, ~ Q2R sinQ |
p,dx-+ p,dy = RdQ, + P,dQ, +d §(P,\/2P, cosQ, ~Q,\[2P sinQ, - P,Q, |

10
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The final relationship is what is needed to show the exact differential:
p,dx-+ p,dy = RAQ, + R,dQ, +d 4(P,[2P, cosQ, ~Q,[2P sinQ, - P,Q, |

So this is the final part of the proof to show that it is an exact differential:
dF =3 p,dg; - PdQ,
i i
Z pidqi _ijde =
i i
pde+ pydy_ P]_dQl - PZdQZ =
RAQ, +P,dQ, +d 3(P,[2P, c0sQ, - Q, 2R sinQ, - R,Q, ) - RdQ, - P,dQ, =

d %(Pz\/ﬁCOSQl _szsm Ql - PzQz) =
dF
where

F = 4(P.27 cosQ - Q, 7 sinQ, - R0,

Meg Noah

After construction the Hamiltonian for a particle of charge g moving in a plane that is perpendicular to a

constant magnetic field B, use the transformation to express the Hamiltonian in the (Q,P) and obtain the

motion of the particle as a function of time.

OK so the next thing to do is construct the Hamiltonian. First express the kinetic energy in x and y

(assuming B is parallel to the z axis):
.2 .2
T=im(x*+y?)

Now the potential energy due to the Magnetic field:

B=B:Z
X Vv 2
V=-3v.A=- 1y (BxR)=-2v.o o B
c 2¢ 2¢
X y z
o Ba e oy e vy BA
V= 2C(xx+yy)( yR+Xy) = Zc( yX+ Xy)

The Lagrangian is:

2 Bq, .. ..
L=T -V =im(%+y?)+—t(xy -
L (x +y )+ 2C(xy yX)

11
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The conjugate momenta are:

p —mx—y%—mx—a—y
g 2c 2
oL 0o 2 .2\ BO, .. .
, 5_5{%m(x +y )+E(xy—yx)}
p —my+x%—my+a—2x
! 2c 2

_ 2 2\, BA _ 2 | w2 2
L=4m(x*+y )+z(xy—yx)_%m X+ Y2 )+ (%) = yX)
a’y
m O] x 9 0 Irx - -
L=1|x +|X =inTn+na+ 8.23 form
LN mM[ il \ azxM LT +nat L, ( )
2
a’y
. ‘ OH — 0
p=Tn+a= |
0 miLy a’x
o #X
2
. a’y
=mx—
Py >
. a’x
p, =my+=

Find the T-1 matrix:

m O
T:
0 m
1
T_l:im O:E 0
2
m=(0 m 0 l
m

12
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Form via equation 8.27

R
lm0 Alm m Off X
~ 700 m[ y]o 1{/0 m[y}
m

H—i p+a_2y2+ip_a_2x2
2m\ ¢ 2 2m\ Y 2

Convert to new coordinates:

(«WSIHQHP) (\ﬁcosQ1 Qz)
(om0 40 )
H :%[%(ECOSQ_Q2)+%Zé(ﬁcosQ1+Q2)T

Q||—\Q|H

( \/ﬁstl ) Zé(ﬁsinQﬁPz)T
a

H=

13

Meg Noah
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H="-P=E
m
. oH o
“T® T,
2
a
le_t"'ﬂ
m
R="3E

2 € sin (“—Zt +/3D
a m

This is the equation of a circle.

X = [@sin(mHﬂ)J

1
(04
2
y:1 ZﬂzEcos(a—Hﬂ}— /ZﬂzEJ
(24 o m o

y_\/Zsz = (\/Zsz cos(wt +,8))
w w

2

Note: the angular momentum is constant also:

2mE
r =(x—xo)2+(y—y0)2 =

YP, = Xp, =%(

Meg Noah



